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QUARKONIA:  Notes on 
Spectroscopy and String Breaking

Wolfram Weise

ünchen

String Breaking:  

(with:   Johannes Eiglsperger,   Norbert Kaiser)

Potentials:  Confinement plus Gluon Exchange and beyond

Charmonium:  Fine- and Hyperfine-Structure

Induced Interaction and Effective Field Theory

Guidance from Lattice QCD

 A schematic model



Charmonium Spectroscopy

“Is there anything NEW to be learned ?”

 Physics close to and in the DD continuum
_

DD 
_



Lattice QCD

 Charmonium spectrum below DD threshold from lattice QCD 
with 3 light sea quarks, 

MILC configurations, improved (Fermilab) action

M. di Pierro et al.,
hep-lat/0310042

_



Gluonic Flux Tube and Confining Potential 
between heavy quark and antiquark

G.S. Bali, Phys. Reports 343 (2001)1
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1. 

MODELLING 
CHARMONIUM  

Confinement plus Gluon Exchange

to order  α
2

s

Non-perturbative 
Induced t-Channel Interaction



Strategies

Bethe-Salpeter equation       
Schrödinger equation:

non-relativistic reduction to order        m−2

c

[
−

!∇2

mc

+ U

]
ψ = (2mc + E) ψ

Potential approach:

U = σ r −
4

3

αs

r

+ Vspin!s1 ·!s2 + Vtensor (3!s1 · r̂ !s2 · r̂ −!s1 ·!s2) + Vso
!L ·

!S + ...

Modern approach:  Effective Field Theory

Non-Relativistic QCD: 
Separation of scales provided by mass of heavy quark
Expansion in  v (velocity)  and αs



Early potential models of Charmonium based on 

Confinement + One-Gluon Exchange

(Cornell,  Richardson et al.,  Buchmüller et al.  potentials and variants thereof) 

used: σ ! 1GeV/fm αs ! 0.4

... together with LARGE c-quark mass:

mc ! 1.5 − 1.8GeV

whereas:

mc(µ = mc) = (1224 ± 17 ± 54)MeV

from inclusive semileptonic B decays 
 (Hoang and Manohar, PLB 633 (2006) 526)

 Problems with spin-spin & spin-orbit splittings

Potential Models



Potential to order α2

s

U = Vconf +

 (S.N. Gupta, S.F. Radford, W.W. Repko, Phys. Rev. D26 (1982) 3305)



Potential to order
    Results 

α
2

s

 (S.N. Gupta, S.F. Radford, W.W. Repko, Phys. Rev. D26 (1982) 3305)

exp.

3.097
2.980

3.686
3.637

exp.

3.556
3.511
3.415
3.526

Excellent agreement found with:

σ ! 0.9GeV/fm mc = 1.2GeV

αs = 0.39 (large)



=+ . . .U U

J/ψ ,

ηc , ...

= + + . . .U

U

U

J/ψ ,
ηc , ...

Introducing the
 INDUCED  INTERACTION 

Bethe-Salpeter 
equation:

... summing  LADDERS:

s-channel 

Crossing: ... summing  BUBBLES:

t-channel 

induced non-perturbative interaction

Effective Field Theory: 
absorbs induced interaction in contact terms



Uind =
G2

!q2 + M2

(
1 −

!q2

8m2
c

)

−
G2

4m2
c (!q2 + M2)

[!σ1 · !q !σ2 · !q − (!σ1 × !q) · (!σ2 × !q)]

INDUCED  INTERACTION  (contd.)

(central)  

(spin-longitudinal)  (spin-transverse)  

3
S1

1
S0

Spin-dependent interaction:

Coupling strength:
related to asymptotic normalization 

Uind(!r) =
G2

48π m2
c

(
−M

2 e−Mr

r
+ 4π δ

3(!r)

)
!σ1 · !σ1 spin-spin

tensor

of bound-state wave function
N0

αind ≡
G2

4π

=
M2

m3
c

N
2
0 ∼ O(1)

+
G2

24π

M2

m2
c

(
1 +

3

Mr
+

3

M2r2

)
e−Mr

r
S12(r̂)

+
3G2

8π m2
c

(
M +

1

r

)
e−Mr

r2
"L ·

"S spin-orbit

+   spin-orbit 



Charmonium Spectroscopy with 
   INDUCED interaction

(J. Eiglsperger, N. Kaiser,  W.W.)  
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Figure 3: Charmonium: Model Cm2 (perturbative induced Interaction) + 1/r2 Potential mc =
1.339 GeV, M = 3.07 GeV, αs = 0.24,αi = 1.4, σ = 0.97 GeV/fm
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Figure 4: Charmonium: Model C*m2 (non-perturbative central term of induced Interaction) +
1/r2 Potential mc = 1.289 GeV, M = 3.07 GeV, αs = 0.21,αi = 0.6, σ = 1.07 GeV/fm

3

confining potential + one- & two-gluon exchange + induced interaction

pr
el

im
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y

mc = 1.3GeV

σ = 0.97GeV/fm

αs ! 0.3

αind ! 1



1I. 

QUANTUM  MECHANICS
of

STRING  BREAKING 

Guidance from Lattice QCD

Schematic Two-State Scenario

Outlooks



CONFINEMENT

r

(Action) Density of Color Fields

LATTICE - QCD: 
POTENTIAL  between 

(infinitely) 
Heavy Quarks

ground state
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... the classic (but incomplete) picture:

... at  r > 1 fm  the  STRING BREAKS
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FIG. 13: The two energy levels, as a function of r, normal-
ized with respect to 2mB (horizontal line). The curve cor-
responds to the three parameter fit to E1(r), Eqs. (80)–(82),
for 0.2 fm ≤ r ≤ 0.9 fm < rc.
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FIG. 14: The same as Figure 13, for the string breaking re-
gion.

The fit implies a Sommer parameter,

r2
0

dE1(r)

dr

∣∣∣∣
r=r0

= 1.65, (83)

of

r0 = 6.009(53)a ≈ 0.5 fm, (84)

which we use to translate the lattice scale a into physical
units.

On the scale of Figure 13, the energy gap ∆Ec =
minr[E2(r) − E1(r)] is barely visible. Therefore, we en-
large the string breaking region in Figure 14. We define

the string breaking distance as the distance where the
energy gap is minimal: E2(rc) − E1(rc) = ∆Ec.
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FIG. 15: The mixing angle θ, as a function of r. The curve
corresponds to the parametrization Eqs. (85)–(88).

Not only the two energy levels play a role in the mixing
dynamics but also the mixing angle θ of Eqs. (77) and
(78). In Figure 15 we depict θ as a function of r. For r <
rc, the overlap Q1 will be larger than B1 and hence θ <
π/4. For r → ∞ the QQ content of the ground state will
vanish and θ → π/2. The Figure reveals that while this
large r limit is rapidly approached for r > rc, the ground
state at small r contains a significant BB admixture:
for instance, sin2[θ(8a)] ≈ 0.03. Furthermore, there is a
“bump” at small r in θ(r) as well as in E2(r), before θ is
forced to approach zero at r → 011, where CQB(t) = 0.
This bump is likely to be related to light meson exchange,
where in our study m−1

π ≈ 4a.
The curve corresponds to a phenomenological three pa-

rameter fit to the 0.9 fm ≈ 11a ≤ r ≤ 19a ≈ 1.6 fm data:

θ(r) =
c

2

{
arctan [d(r − rs)] − π

2

}
+

π

2
, (85)

with parameter values,

rs = 14.95(12)a, (86)

d = 2.31(21)a−1, (87)

c = 0.914(6). (88)

The increase of θ with respect to r for r ≈ rs is given
by, dθ(r)/dr|r=rs = cd/2 = 0.34(3)π a−1. Our distance-
resolution clearly allows us to resolve the mixing dynam-
ics at r ≈ rc. We enlarge this region in Figure 16.

Finally, in Figure 17, we investigate the difference
∆E(r) = E2(r) − E1(r) in the string breaking region.

11 Note that 0 ≈ 0.92a.
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where g = 0.4 and the sum is over all six staples, in the three forward and three backward directions.
The g-value was tuned to maximize the average plaquette, calculated from the smeared links. PSU(3)

is a projection operator into the SU(3) group. For the un-smeared plaquette z0 = 1 in Eq. (2.6) while
for smeared plaquettes z0 = 1 + O(as) is adjusted such that the vacuum expectation value of the
average plaquette remains unchanged.

The plaquette smearing enhances the signal/noise ratio. Due to this smearing and the fat link
static action used, the peaks of the distributions around the source positions (that will diverge in
the continuum limit) are less singular than in previous studies of SU(2) gauge theory at similar
lattice spacings [6]. In the continuum limit the results from smeared and un-smeared plaquette
probes will coincide, away from these self energy peaks. The draw back of plaquette smearing is
that exact reflection positivity is violated. However, our wave functions are sufficiently optimized
to compensate for this.

We insert the E2(x, t) and B2(x, t) operators at position t/2 into the correlation matrix C(t),
Eq. (1.3), see Ref. [3]. For even|odd t/a-values we average E2|B2 over the two adjacent time slices,
respectively. Using the fitted ground state overlap ratio aQ/aB and the mixing angle q as inputs,
we calculate the action and energy density distributions Eqs. (2.1) and (2.2) in the limit of large t
via Eq. (2.3) from the measured matrix elements. The distributions agree within errors within the
time range 3a ≤ t ≤ 6a. The results presented here are all based on our t = 4a analysis.

3. Results

To set the stage, we display the main results of Ref. [3] in Figure 1. In the left figure we also
speculate about the scenario in the real world with possible decays into BB as well as into BsBs.
As discussed above, for our parameter settings and nf = 2 string breaking occurs at a distance
rc ≈ 1.25 fm. In the right figure we show the mixing angle as a function of the distance. The BB
content of the ground state is given by sinq . Within our statistical errors q reaches p/4 at r = rc.
Remarkably, there is a significant four quark component in the ground state at r < rc while for
r > rc the limit q → p/2 is rapidly approached.
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Figure 1: The energy levels and the mixing angle q in physical units for n f = 2. The bands in the left figure
reflect the expected n f = 2 + 1 scenario.
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Figure 3: Action density distribution for the ground state and the first excitation.

4. Conclusion

At any distance the action density looks like a superposition between (hypothetical) QQ and
BB distributions with little interference: light pair creation seems to occur non-localized and in-
stantaneously. Applying the decay model of Ref. [5], where the interaction term is instantaneous
and only depends on the separation r, we undershoot the experimental °(4S) → BB decay rate by a
factor of about two. This appears very reasonable, considering the crudeness of the model and the
fact that the gap DEc will increase with lighter, more realistic sea quark masses. We are studying
the situation in more detail.
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where g = 0.4 and the sum is over all six staples, in the three forward and three backward directions.
The g-value was tuned to maximize the average plaquette, calculated from the smeared links. PSU(3)

is a projection operator into the SU(3) group. For the un-smeared plaquette z0 = 1 in Eq. (2.6) while
for smeared plaquettes z0 = 1 + O(as) is adjusted such that the vacuum expectation value of the
average plaquette remains unchanged.

The plaquette smearing enhances the signal/noise ratio. Due to this smearing and the fat link
static action used, the peaks of the distributions around the source positions (that will diverge in
the continuum limit) are less singular than in previous studies of SU(2) gauge theory at similar
lattice spacings [6]. In the continuum limit the results from smeared and un-smeared plaquette
probes will coincide, away from these self energy peaks. The draw back of plaquette smearing is
that exact reflection positivity is violated. However, our wave functions are sufficiently optimized
to compensate for this.

We insert the E2(x, t) and B2(x, t) operators at position t/2 into the correlation matrix C(t),
Eq. (1.3), see Ref. [3]. For even|odd t/a-values we average E2|B2 over the two adjacent time slices,
respectively. Using the fitted ground state overlap ratio aQ/aB and the mixing angle q as inputs,
we calculate the action and energy density distributions Eqs. (2.1) and (2.2) in the limit of large t
via Eq. (2.3) from the measured matrix elements. The distributions agree within errors within the
time range 3a ≤ t ≤ 6a. The results presented here are all based on our t = 4a analysis.

3. Results

To set the stage, we display the main results of Ref. [3] in Figure 1. In the left figure we also
speculate about the scenario in the real world with possible decays into BB as well as into BsBs.
As discussed above, for our parameter settings and nf = 2 string breaking occurs at a distance
rc ≈ 1.25 fm. In the right figure we show the mixing angle as a function of the distance. The BB
content of the ground state is given by sinq . Within our statistical errors q reaches p/4 at r = rc.
Remarkably, there is a significant four quark component in the ground state at r < rc while for
r > rc the limit q → p/2 is rapidly approached.
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Figure 1: The energy levels and the mixing angle q in physical units for n f = 2. The bands in the left figure
reflect the expected n f = 2 + 1 scenario.
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STRING BREAKING in QCD

Lattice QCD Results
(G. Bali et al.:  Phys. Rev. D 71 (2005) 114513)

|α〉 = |QQ̄〉 (e.g. |cc̄〉)

(e.g. |DD̄〉)
|α〉

PoS(LAT2005)308
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Figure 3: Action density distribution for the ground state and the first excitation.

4. Conclusion

At any distance the action density looks like a superposition between (hypothetical) QQ and
BB distributions with little interference: light pair creation seems to occur non-localized and in-
stantaneously. Applying the decay model of Ref. [5], where the interaction term is instantaneous
and only depends on the separation r, we undershoot the experimental °(4S) → BB decay rate by a
factor of about two. This appears very reasonable, considering the crudeness of the model and the
fact that the gap DEc will increase with lighter, more realistic sea quark masses. We are studying
the situation in more detail.
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|β〉

mixing:

|2〉 = −sin θ |α〉 + cos θ |β〉

|1〉 = cos θ |α〉 + sin θ |β〉

_

|β〉 = |[Qq̄][Q̄q]〉

schematic two-state 
scenario



0.5 1 1.5 2 2.5
r !fm"

!1

!0.5

0.5

1

1.5

2

2.5

!Gev"

r
2
R

2

1s(r)

r
2
R

2

2s(r)

r
2
R

2

3s(r)V
[GeV]

Charmonium

0.4 0.6 0.8 1 1.2
!r

2
"

1!2 "fm#

3.25

3.5

3.75

4

4.25

Mass "GeV#

Fit

D#wave

P#wave

S#wave

〈r2〉1/2 [fm]

[GeV]

1S

2S

3S

1P

2P

1D

Charmonium

MASS - RADIUS relations:
Charmonium States

Radial densities Masses vs. root-mean-square radii

M = 2mc + 1.67GeV/fm · 〈r2〉1/2



0.25 0.5 0.75 1 1.25 1.5
r !fm"

!1

!0.5

0.5

1

1.5

!GeV"

r
2
R

2

1s(r)

r
2
R

2

2s(r)

r
2
R

2

3s(r)

V
[GeV]

r
2
R

2

4s(r)

Bottomonium

0.2 0.4 0.6 0.8 1

r !fm"

9.4

9.6

9.8

10

10.2

10.4

10.6

10.8

Mass !GeV"

not included

Fit

D!wave

P!wave

S!wave

〈r2〉1/2 [fm]1S

1P 2S

1D

2P
3S

4S

[GeV]
Bottomonium

MASS - RADIUS relations:
Bottomonium States

Radial densities Masses vs. root-mean-square radii

M = 2mb + 1.5GeV/fm · 〈r2〉1/2



Wαβ

|α〉 = |QQ̄〉

|β〉 = |[Qq̄][Q̄q]〉
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QM of String Breaking:
Schematic Two-State Model 

mixing:

|2〉 = −sin θ |α〉 + cos θ |β〉

|1〉 = cos θ |α〉 + sin θ |β〉

(Hαβ) = (2mQ + cR

2mB

Wαβ

Wβα
)

tan2θ =

2Wαβ

Hαα − Hββ

E1,2 =
1

2

[
Hαα + Hββ ±

√
(Hαα − Hββ)2 + 4|Wαβ |2

]

example bottomonium:

|Wαβ | ! 30MeVmixing / string breaking matrix element



OUTLOOKS

X, Y, Z states are likely to be mixed configurations 
of  four-quark,  hybrid, . . .  states:

c

c̄

DD̄ DsD̄s,

Experiment:  high-precision measurements of decays

glue∗

[cs]

[c̄s̄]

. . .

Theory:  coupled - channels approach combined with
Lattice QCD and effective field theory methods

glue∗

|X〉 = a1|cc̄〉 + a2|[cq̄][c̄q]〉 + a3|[cq][c̄q̄]〉 + a4|cc̄g
∗〉 + ...

Charmonium states above threshold:  complex potential

Ueff = U0 + W
† 1

E − H0 + iε
W


